Motivation: The kernel association test (KAT) is popular in biological studies for its ability to combine weak effects potentially of opposite direction. Its P-value is typically assessed via its (unconditional) asymptotic distribution. However, such an asymptotic distribution is known only for continuous traits and for dichotomous traits. Furthermore, the derived P-values are known to be conservative when sample size is small, especially for the important case of dichotomous traits. One alternative is the permutation test, a widely accepted approximation to the exact finite sample conditional inference. But it is time-consuming to use in practice due to stringent significance criteria commonly seen in these analyses. Results: Based on a previous theoretical result a conditional asymptotic distribution for the KAT is introduced. This distribution provides an alternative approximation to the exact distribution of the KAT. An explicit expression of this distribution is provided from which P-values can be easily computed. This method applies to any type of traits. The usefulness of this approach is demonstrated via extensive simulation studies using real genotype data and an analysis of genetic data from the Ocular Hypertension Treatment Study. Numerical results showed that the new method can control the type I error rate and is a bit conservative when compared to the permutation method. Nevertheless the proposed method may be used as a fast screening method. A time-consuming permutation procedure may be conducted at locations that show signals of association. Availability and implementation: An implementation of the proposed method is provided in the R package iGasso.
Introduction
Kernel machine regression (Liu et al., 2007 (Liu et al., , 2008 is becoming more and more popular in analysis of biological data. It has the ability to accumulate weak signals across biological features even though they are potentially of opposite effects. Initially proposed for pathway analysis, this method has found a plethora of applications in rare variants association analysis with sequence data (Lee et al., 2012b; Wu et al., 2011) . It has been extended to numerous situations such as extreme continuous traits (Barnett et al., 2013) , survival outcomes (Cai et al., 2011; Chen et al., 2013; Lin et al., 2011) , family-based association test (Wang et al., 2013) , gene-gene and gene-environmental interactions (Lin et al., 2013 (Lin et al., , 2016 and microbiome data (Chen et al., 2016; Zhao et al., 2015) .
The test statistic for association, denoted by Q, derived from the kernel machine regression is of the following form:
Here y is the vector of responses on n subjects. b y is the vector of predicted responses using a linear regression (for continuous responses) or logistic regression (for dichotomous responses) with potential confounders as predictors. This regression model is called the null model as it does not involve any of the features to be tested for association. The positive definite n Â n matrix K is called the kernel. It measures the pair-wise similarities between subjects. Choice of kernel depends on the application context. In genetic association studies, it is often taken as K ¼ GG t , where G is a n Â m matrix of genotype scores at m (Wu et al., 2011) . The columns of G are typically weighted. In microbiome data analysis, popular kernels include the UniFrac kernel and the Bray-Curtis kennel (Chen and Li, 2013; Chen et al., 2012; Zhao et al., 2015) . The exact distribution of the statistic Q is unknown. Asymptotic distribution has been derived for the case of continuous traits and the case of dichotomous traits (Liu et al., 2007 (Liu et al., , 2008 . Let Z denote the design matrix of the covariates (including the intercept) used in the null model and
Þfor dichotomous traits and V ¼ b r 2 I for continuous traits where b r 2 is an estimated variance of the residuals. Then the asymptotic distribution of Q is a linear combination of m independent 1-df chi-square distributions:
However, it has been found that the asymptotic distribution for the Q statistic is conservative for small sample size especially in the important case of dichotomous responses. Lee et al. (2012b) use a single chi-square distribution to approximate
Þ by matching the first and the second moments. The performance of this method was investigated via simulation studies (Lee et al., 2012b) . Chen et al. (2016) found that the small-sample correction method of Lee et al. (2012b) can be anti-conservative. Alternatively, Chen et al. (2016) proposed the following statistic for continuous traits:
Þ=b r 2 in order to take into account the uncertainty in the estimated residual variance b r 2 . Based on the iteratively reweighted least squares algorithm for generalized linear models, a similar statistic was proposed for dichotomous traits.
The main challenge in approximating the distribution of Q is that its distribution depends on the residual variance of the response which needs to be estimated. However, it would be known in the framework of conditional inference in which statistical inference is conditional on the observed data. Deriving the exact distribution of Q given the data doesn't seem to be an easy task. Permutation would be a straightforward way to approximate this distribution but it may be time-consuming. In this article we study the conditional asymptotic distribution of Q using the theoretical work by Strasser and Weber (1999) . Unlike those literature mentioned above, this approach is not limited to situations with continuous traits or dichotomous traits.
In what follows, we first introduce the main results of Strasser and Weber (1999) on permutation. A small sample counterpart of the statistic Q is proposed such that the results of Strasser and Weber (1999) are applicable. The inference behavior based on the conditional asymptotic distribution of Q is studied using simulated phenotypes with real genotype data from Genetic Analysis Workshop (GAW) 17. We also show an application to a genetic study for The Ocular Hypertension Treatment Study (OHTS) (Gordon and Kass, 1999) .
Materials and methods
2.1 A theoretical result of Strasser and Weber (1999) We start by introducing the main result by Strasser and Weber (1999) on permutation. Let Y i ; X i ð Þ ; i ¼ 1; . . . ; n, denote n independent and identically distributed observations. Both Y i and X i can be univariate or multivariate. To test the null hypothesis that the conditional distribution of Y given X is identical to the distribution of Y against arbitrary alternatives, Strasser and Weber (1999) proposed a multivariate linear statistic of the following form (Hothorn et al., 2006) :
where g is a transformation of X to a vector of length p and h is a transformation of Y to a vector of length q. The h transformation may depend on all the observations of Y:
Þ . However, this dependence must be permutation invariant: for a permutation of Y 1 ; . . . ; Y n ð Þ ; h Y i ð Þ does not change. One example is that the rank of a value remains the same in any permutation. Other examples of h and g transformations can be found in Hothorn et al. (2006) .
Under the null hypothesis of independence between Y and X, Strasser and Weber (1999) were able to derive the mean l and variance R of T over the set S of all possible permutations:
Here represents the Kronecker product and
Strasser and Weber (1999) further showed that T follows an asymptotic multivariate normal distribution with mean l and variance matrix R as sample size n goes to infinity. These results on T are very useful for conditional inference when exact conditional distribution is unknown or permutation is too time-consuming to conduct. This conditional inference framework encompasses many commonly used tests for independence. The test statistics of these tests are either scalars (when pq ¼ 1) or assume the quadratic form
Examples of tests that can be put into this framework include Kruskal-Wallis test, linear-by-linear test, trend test, two-sample test, etc. (Hothorn et al., 2006) . The R package coin provides a nice implementation of this theory. In the next subsection, we show that KAT can be coined into this framework as well. And we introduce its conditional asymptotic distribution.
Conditional asymptotic distribution of KAT
Since K is positive definite, it can be in general written K ¼ GG t by
Cholesky decomposition. So we will express the statistic Q as
y to be the vector of residuals. Now the ith row of G, denoted by G i , corresponds to X i in the general theory presented in the last subsection. Letting g and h be identity transform-
and gỹ i ð Þ ¼ỹ i whereỹ i is the ith component ofỹ. Clearly, transformation g satisfies the 'permutation invariant' requirement. We have
It is straightforward to calculate that
Furthermore,
where
i is the sample variance ofỹ i ; i ¼ 1; . . . ; n. In summary, we have the following result. PROPOSITION 1. The conditional mean of T over all permutations is l ¼ 0 and its conditional variance matrix is Note: 'SKAT Adj' is the adjusted STAT, 'Cond. Asy.' is the proposed method, and 'Perm.' is permutation test. where
is the sample covariance matrix of genotype scores at the m SNPs.
Since KAT ¼ T t T, the conditional asymptotic distribution is obtained using the main result of Strasser and Weber (1999) .
PROPOSITION 2. The conditional asymptotic distribution of KAT is the same as the distribution of a linear combination of m independent 1-df chi-square random variables:
. . . ; m, are the eigenvalues of R.
We note that, unlike the asymptotic distribution for Q, this asymptotic distribution has the same form regardless of the type of traits. Whether it is continuous or dichotomous, the coefficients k j ; j ¼ 1; . . . ; m are the eigenvalues of R and are proportional to the eigenvalues of S 2 G .
Simulation studies
We have performed extensive simulation studies to demonstrate and compare the performance of the proposed conditional inference method, the method of Chen et al. (2016) , SKAT (for continuous traits), SKAT with small sample adjustment (for dichotomous traits) and permutation test. While other works (Chen et al., 2016; Lee et al., 2012a; Wu et al., 2010) used simulated sequence data, we use real sequence data that were made available by Genetic Analysis Workshop (GAW) 17 (Almasy et al., 2011) .
The GAW 17 mini-exome sequence data were from 697 subjects selected from the 1000 Genome Projects. There were 24 487 SNPs in 3205 genes. Nine largest genes (i.e. ABCC6, ACIN1, AHNAK, AKAP13, ALPK3, ANKRD12, ANKRD15, ATP10A and BAIAP3) in terms of genotyped SNPs are selected. The number of SNPs ranges from 200 to 400. Trait data were simulated in the same way as in the other works (Chen et al., 2016; Lee et al., 2012a; Wu et al., 2010) which are described below.
For each gene, 20% randomly selected SNPs are assumed to be causal. Eighty percent of these causal SNPs are assumed to have positive effect on the trait while the remaining 20% are negative.
Similar to Wu et al. (2011) , continuous traits were simulated using the following model
where x 1 follows a standard normal distribution, x 2 follows a discrete distribution taking values 0 or 1 with probability 0.5, and g 1 ; . . . ; g s were genotype scores at s causal rare variants. Given the minor allele frequency (MAF) of a causal variant, its coefficient b is determined by b ¼ 0:5 log 5 ð Þjlog 10 MAF ð Þj. For the study of type I error rate, b 1 ; . . . ; b s were set at 0. For the study of power, the magnitude of b j was equal to j0:2 log 10 MAF ð Þj. In the analysis of type I error rate, all bs are set to 0.
For the dichotomous trait, its disease status is determined using the following logistic regression model:
where x 1 and x 2 are the same as those for the continuous traits, b 0 ¼ log 0:01=0:99 ð Þcorresponds to background disease probability of 0.01 and exp b 1 ð Þ; . . . ; exp b s ð Þ are the odds ratios for the s disease susceptibility variants, respectively. The number of cases is the same as the number of controls. Similar simulation set up has been used elsewhere (Wang and Elston, 2007; Wu et al., 2011) . As in the case of continuous, all bs are set to 0 in the analysis of type I error rate. The number of simulation replicates is 100 000 for the analysis of type I error and is 1000 for the analysis of power.
Histogram of average CCT
The simulated type I error rates are presented in Table 1 for continuous traits and in Table 2 for dichotomous traits. These type I error rates are under control except that the adjusted SKAT is slightly anti-conservative. The anti-conservativeness of the adjusted SKAT has also been observed in Chen et al. (2016) .
Results of the power analysis are presented in Table 3 for continuous traits and in Table 4 for dichotomous traits. All statistics have similar performance. The conditional inference method using the asymptotic distribution is sometimes slightly less powerful than the permutation method and the Chen method. Note that in some genes, the power is not increasing in sample size. This is because the causal SNPs are selected at random within each scenario.
Application to OHTS
Primary open angle glaucoma (POAG) is a leading cause of irreversible blindness. Although a genetic basis has been established for a substantial fraction of POAG, no risk alleles of major effect have been identified (Fingert, 2011) . The etiology of POAG is likely to be complex. Since POAG is assessed through quantitative measures such as central corneal thickness (CCT), intraocular pressure (IOP), and cup-to-disc ratio, one promising research direction is to map genes underlying these quantitative measures. Indeed, large-scale GWAS have identified genes that affect CCT (Lu et al., 2010; Vitart et al., 2010; Vithana et al., 2011) . We report an application of the method of Chen et al. (2016) , SKAT with and without small sample correction, and the conditional inference method described in this report to a genome-wide gene-based association study of CCT averaged over both eyes using data from the Ocular Hypertension Treatment Study (OHTS).
OHTS (Gordon and Kass, 1999 ) is a National Eye Institutesponsored multi-center, randomized clinical trial. Its goal is to investigate the efficacy of medical treatment in delaying or preventing the onset of POAG in individuals with elevated intraocular pressure.
One thousand six hundred and thirty six individuals between 40 and 80 years old were enrolled and 1077 of them were genotyped in a subsequent study. Data for this genetic study is available at Database of Genotypes and Phenotypes (dbGaP, Study Accession phs000240.v1.p1). It contains 1057 subjects who have available both genotype data and baseline phenotype data. The vast majority of these subjects were non-Hispanic White (752) and Black (252). Unpublished results have identified genetic heterogeneity between whites and blacks. Our focus is a genome-wide association studies of CCT on the Black subjects. A histogram of CCT is presented in Figure 1 . It is pretty symmetric.
There were 1 051 295 genotyped SNPs. There HGNC gene symbols were obtained using the R/Bioconductor package biomaRt (version 2.26.1). There are 30 562 autosomal genes. Similar to Lee et al. (2012a) , genes that contain less than 3 SNPs were excluded from further consideration. This reduces the number of genes to 23 778. Variables age and gender are used as covariates. Gene symbols at which at least one of the four statistics has a P-value less than 0.0001 are listed in Table 5 . In this table, the information on biotype and base-pair position is obtained from www.ensemble.org. It is interesting that all of them except one are on chromosome 17. There are three tight gene clusters on chromosome 17 in terms of base-pair location. Cluster 1 consists of genes SENP3, SENP3-EIF4A1, EIF4A1 and SNORA48. Cluster 2 consists of KCNH4, HCRT, GHDC and STAT5B. Cluster 3 consists of BECN1, MIR6781 and PSME3. Cluster 2 is very close to cluster 3. They warrant further investigation although none of them overlaps with ZNF469, COL5A1, COL8A2, AKAP13 and AVGR8, genes for which association with CCT has been reported previously (Lu et al., 2010; Vitart et al., 2010; Vithana et al., 2011) .
One reviewer suggested that an example of data analysis where the phenotype is neither continuous nor binary be given. To satisfy this suggestion, the CCT measurement is discretized according its quartiles. The discretized CCT measurement takes 4 values: 1, 2, 3 and 4. For this modified data, neither the Chen method nor SKAT applies. However, the proposed method and the permutation method are still applicable. Findings from these two methods are summarized Table 6 . A summary of gene-based association P-values (Â10 À5 ) for the 252 Black subjects in the OHTS study in Table 6 . This list of findings is slightly longer than that from Table  5 . Most of them are due to the significance of the permutation test. The proposed method is generally less significant than the permutation text. At the significance level 0.0001 used for this table, both methods are significant at gene ZBTB40 on chromosome 1 and some other genes on chromosome 17 that are seen in Table 5 .
Discussion
An approximation method is proposed for the conditional inference of kernel association test (KAT). This approximation is based on a theoretical result developed by Strasser and Weber (1999) on the asymptotic permutation distribution of a random vector. By properly constructing a vector T and a mapping function h, a small sample counterpart of the KAT is introduced. The current application of this theory focuses on test statistics of the form
Þ , where R is the covariance matrix of T, and is not applicable to KAT. The work presented in this report fills this gap.
We note that the proposed method approximates the permutation distribution of KAT where the covariates are permuted together with response y. This is to satisfy the 'permutation invariant' requirement.
A salient feature of the proposed method is that it has no limitations on the types of the responses, a benefit of using the conditional inference. Regardless of the type of the responses, being it continuous, dichotomous, or some other types, the conditional variance matrix of the vector T assumes the same form. In practice, one may want to use this method as a screening tool followed by extensive permutations at genes that show signals.
An implementation of the proposed method is provided in the R package iGasso. The function name is KAT.coin.
